The contact is an important concept that characterizes the universal properties of a strongly interacting quantum gas. It appears in both thermodynamic (energy, pressure, etc.) and dynamic quantities (radio-frequency and Bragg spectroscopies, etc.) of the system. Very recently, the concept of contact has been extended to higher partial waves, in particular, the p-wave contacts have been experimentally probed in recent experiment. So far discussions on p-wave contacts have been limited to three-dimensions. In this paper, we generalize the p-wave contacts to two-dimensions and derive a series of universal relations, including the adiabatic relations, high momentum distribution, virial theorem and pressure relation. At high temperature and low density limit, we calculated the pwave contacts explicitly using virial expansion. A formula which directly connects the shift of the breathing mode frequency and the p-wave contacts are given in a harmonically trapped system. Finally, we also derive the relationships between interaction parameters in three and two dimensional Fermi gas and discuss possible experimental realization of two dimensional Fermi gas with p-wave interactions.
INTRODUCTION
In cold atomic gas, the resonance p-wave interaction was realized experimentally quite some time ago in both 40 K and 6 Li [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . It was observed that the system in general suffers significant loss close to resonance, preventing the systematic study of the many-body system in equilibrium and in particular, the achievement of superfluid regime. Recently, radio-frequency spectroscopic measurement in 40 K shows that the normal state of pwave Fermi gas close to resonance can achieve a quasiequilibrium state in which the equilibration between scattering fermions and the shallow p-wave dimers within the p-wave centrifugal barrier, thus establishing a strongly interacting p-wave system [11] . The extracted free energy reduction close to resonance is of order of the Fermi energy. Furthermore, it was shown that just as in the swave case [12] [13] [14] [15] , the p-wave Fermi gas also show universal relations, except that now both the p-wave scattering volume v and the effective range R are relevant. Apart from this, there now appear several molecular states due to the different orientation of the angular momentum quantization of the molecule. As a result, the contact parameters has to be generalized which leads to a set of universal relations that has been discussed in detail in recent literature [16] [17] [18] [19] [20] [21] [22] . Explicit calculations of the p-wave contact within the Noziéres and Schmit-Rink formula has been carried out and finds general good agreement with the experimental findings [23] .
So far, p-wave contacts has been defined and discussed mostly in the three-dimensional case. In two-dimensions, the derivation of these universal relations proceed essentially in the same manner as in three-dimension, except that while in three-dimensions, one is dealing with a power-law divergence; in two-dimension, one has to deal with the logarithmic divergence. This requires a slight generalization especially in dealing with the p-wave effective range. Another interesting aspect of two-dimensional system is the apparent scale invariance in the s-wave delta-function interaction [24] , which would predict a breathing mode frequency exactly at twice the trap frequency. Here we investigate the similar problem in 2D p-wave resonance and derive the equation of motion for the breathing mode and show that the p-wave contact is also implicated in the equation of motion. In particular, we show that at resonance, the contact parameter related to the effective range breaks the scale invariance and determines the breathing mode frequency shift.
In this paper, we extend the concept of p-wave contacts to two dimensions. In the Sec. II, we review some basic facts about low energy scattering and in particular, the scattering amplitude for p-wave interaction and its associated weakly bound state. In Section III, we define the p-wave contacts in two-dimensions and derive the adiabatic theorem. Universal relations for the tail of momentum distribution, the virial theorem and pressure relation are given in Section IV. In Section V, we give explicit calculation of the two contacts in two special cases: two-body bound state and high temperature. We apply the theory to the trapped case in Section VI and derive the frequency shift of the breathing mode in terms of the p-wave contact. General expression for the frequency shift is obtained and its explicit evaluation is given at high temperature. We give a summary in Section VII. There are two appendices which discuss the detailed derivations of the frequency shift of the breathing mode and virial theorem in a trap and the relation between effective p-wave scattering parameters in two dimensions and that of three dimension.
II. TWO-BODY SCATTERING AND BOUND STATES
For spinless Fermi gas, the s-wave interaction is totally suppressed due to the Pauli principle. So at low energy, it is the p-wave scattering channel that dominates. For a short-range potential, as is usually the case in cold atom experiment, the effective range expansion for p-wave in two dimensions is [25] [26] [27] [28] 
where δ 1 is the p-wave phase shift and r 1 is a dimensionless parameter; a and ρ are scattering area and effective range, respectively. The above equation can be rewritten as
Hereafter we will refer to R ≡ ρ exp(πr 1 /4) as the p-wave effective range. The Schrödinger equation for the relative motion of the two scattering fermions in two-dimension is given by (setting = 1 and mass M = 1)
The radial and angular parts of the wave function ψ(r, θ) can be separated for a central potential U (r), ψ(r, θ) ≡ R k (r)T (θ), where T (θ) satisfies the following equation
and its solution is given by
where m ∈ Z is quantum number of angular part and m = ±1 for p-wave scattering. The radial part of the wave function satisfies
Let the range of the potential U (r) be r 0 . Then for r > r 0 , the radial wave function R k (r) can be written as a linear combination of two linearly independent Bessel function
Here J m and N m are the Bessel functions of first and second kinds. When r ≫ 1/k, using the asymptotic expressions for Bessel functions, the wave function R k (r) becomes
where we have defined the S-matrix in terms of phase shift δ m ,
The scattering wave function can be written as
where f ≡ f m e imθ / √ 2π is scattering amplitude in two dimension. Taking the m-th angular component of the scattering wave function,
and compare with R k (r) when kr ≫ 1, we get the scattering amplitude of m-th wave aŝ
For p-wave scattering with m = ±1 in two-dimensions, using the effective range expansion eqn. (2), we obtain
The total scattering cross section (taking account of degeneracy of m = ±1)
As we shall show later, the effective range R is always positive, and as a result, it is possible that a shallow two-body bound state emerges when a > 0. The binding energy of the shallow two-body bound state must be much smaller than 1/r 2 0 in order to be consistent with effective range expansion. Let k = iκ, one finds that the imaginary part in the denominator of eqn. (12) vanishes identically, and the real part is zero when (a > 0)
where x = Rκ and the bound state energy is given by
The above equation can be solved using Lambert W-function, which is x = exp[
2 /a)]. In the limit when 1/a → 0 + , one finds that E b ≃ π/(a ln(πR 2 /a)) and E b tends to 0 − . The other solution of eqn. (14) is of order or larger than 1/r 2 0 and has to be discarded. The energy of the shallow bound state is shown in Fig.1 .
At low energy when k ≪ 1/r 0 , the radial wave function R k can be expanded in terms of powers of k 2 , e.g., R k (r) = u 0 (r) + k 2 u 1 (r) + O(k 4 ) and each satisfy For r ≫ r 0 , the radial wave function R k (r) is given in eqn. (6) . Using effective range expansion for scattering phase shift in eqn. (2) and considering the regime where r 0 ≪ r ≪ 1/k, the radial wave function, and hence u 0,1 (r) can be written as
whereR = 2 exp(1/2 − γ E )R and γ E ≃ 0.577 is the Euler-Mascheroni constant. At the same time, the wave function near the origin should be regular which satisfies R k (r = 0) = 0 and (r∂R k /∂r)| r=0 = 0 for not very singular inter-atomic potential. A Bethe's integral formula for three dimension s-wave effective range [29] has been generalized to arbitrary partial waves [30] and arbitrary dimensions [26] . For our two dimensional p-wave case, it takes following form
where r c ≫ r 0 a cut-off length scale. Note that the normalization of the wave function is slightly different (up to a factor π/2r) from that in reference [26] . Because left-hand side of eqn. (19) is positive definite, the effective range is bounded by 0 < R < e γE r 0 /2 ≃ 0.89r 0 close to resonance (a → ∞). Note that in the following, we will always refer to "resonance" as 1/a = 0 just as in the three dimensional case where s-wave scattering length 1/a s → 0. The Bethe's formula for effective range [eqn. (19) ] will play an important role in the derivation of breathing mode frequency shift in Sec.VI.
Before we end this section, we would like to derive two relations that relate the change of scattering parameters to the variation of inter-atomic potential U (r) → U (r) + δU (r). As in the case of three-dimensional pwave scattering [17] , two important relations related to the scattering parameters (a and R) can be obtained
III. DEFINING THE p-WAVE CONTACTS
To define the p-wave contacts in two dimension, we follow the route of Ref. [17] . Let us consider the two body density matrix
written in terms of second quantized field operators ψ. ρ 2 is a Hermitian matrix, so it can be diagonalized
Here n i and φ i are its eigenvalues and eigenfunctions. For spinless Fermi gas, the eigenfunction φ i is odd under exchanges of two fermions φ i ( r 1 , r 2 ) = −φ i ( r 2 , r 1 ). When two particles come very close to each other, the eigenfunction can be expanded using two-body wave function (using translational invariance)
. (24) Here P = p 1 + p 2 and R = ( r 1 + r 2 )/2 are center of mass momentum and position. θ describes the angle of relative co-ordinates r = r 1 − r 2 . a P ,m,k is the expansion coefficients introduced such that (1) d r 1 d r 2 |φ( r 1 , r 2 )| = 1 is normalized and (2) that the radial wave function R k (r) in the asymptotic regime r 0 ≪ r ≪ 1/k is given by eqns. (17, 18) . As a result, we have
. (25) Here, r ′ and θ ′ are defined accordingly. As in Ref. [17] , we have included possible bound state in the sum over k.The interaction energy can be expressed as (short-ranged potential U (r))
where we have defined two p-wave contacts C a and C R as
By definition, C a ≥ 0, while C R has no definite signs. The variations of free energy F as inter-atomic potential are varied by δU is given by
Using eqns. (20, 21) , we obtain two adiabatic relations
Similar to the cases of s-and p-wave scattering in three dimensions, the above two equations give the important relationships between the two contacts (C a , C R ) and the thermodynamics of the system. Here we should mention that for p-wave resonant Fermi gas in two dimensions, the effective potential of resulting from three body correlation could support the so-called super Efimov states, for which the energy for three-body has double exponentials scaling law [31] [32] [33] . Very recently, the three-body contact arising from the super Efimov states is discussed in Ref. [34] . However, in the present paper, we shall focus on contacts arising from two-body correlations.
IV. UNIVERSAL RELATIONS
The utility of contacts lies in that it relates various physical observables and provides a crucial consistency check on the theory and experiments.
A. Tails of momentum distribution
The derivation of momentum distribution follows that of Ref. [17] . The momentum distribution n q is related to single-particle density matrix ρ 1 (r, r ′ )
where ρ = r ′ − r and we have used the translational invariance of the system. In terms of many-body wave function Ψ( r 1 , r 2 , · · · , r N ), the single-particle density matrix can be written as
As a result,
Now, we need r to be close to r ′ in order to extract the high momentum distribution. This requires that one of the co-ordinates r 2 · · · r N to be close to both r and r ′ which gives the singular contribution to one-body density matrix. Note that in total there are N − 1 possibilities, and we finally obtain n q in terms of the singular part of the two-body density matrix
That is
where
which arises from the center of mass motion of the pairs.
In the above derivation, we have assumed that the system respects inversion symmetry so that the linear term in P vanishes.
B. Pressure relation and virial theorem
To derive the pressure relation and the virial theorem, it is enough to invoke the dimensional analysis. The free energy F of the system should be of the form
F /2 = 2πn is Fermi energy (k B = 1) and, k F is Fermi momentum and n is particle density. From the thermodynamic relation,
In the last line we have used the adiabatic theorems. Similarly, one can extend the virial theorem in a harmonic trap V trap (r) = 1 2 M ω 2 r 2 , then the total energy can be written as
where ε is a dimensionless function and that ℓ = /M ω is the oscillator length. Taking the derivative with respect to the oscillator frequency ω, we have
Carrying out similar manipulations as in the uniform case, we find
In both eqns. (41, 44) , when a → ±∞ (at resonance), the second contact C R breaks the scaling invariance of the two-dimensional p-wave Fermi gas at resonance.
V. EXPLICIT CALCULATIONS
To gain more insight into the behavior of p-wave contacts defined by the adiabatic theorem, we discuss two explicit calculations of them in the following.
A. Two-body bound state
Let us choose a cutoff scale r c as before, and write down the wave function for r ≥ r c (r c ≫ r 0 ), in the center of mass coordinates as
where α is normalization constant and K 1 (r) is modified Bessel function of second kind. The bound state energy
For 0 ≤ r ≤ r c , the wave function is
The normalization constant α is determined by, near resonance 1/a ∼ 0
here 
at low energy κR ≪ 1. We can now read off the contacts from the above equation
Using the equation for the bound state energy eqn. (14), one can verify the adiabatic theorems, namely that
B. Virial expansion
In this subsection, we calculate the contact parameters at high temperature by virial expansion [35, 36] . The pressure p and the inverse volume (area) 1/v can be expanded in terms of powers of fugacity z = e µ/T [37]
here T is temperature, λ = 2π/T (k B = = 1) is the de Broglie wavelength and µ is chemical potential. The grand potential is
The equation of state can be obtained by eliminated the fugacity z
where a l is virial coefficient. For example,
For 2D ideal Fermi gas, the inverse area
Including the interaction effects, the correction to the second virial coefficient is given by
The summation on the right hand side includes the effects of possible bound states while the integral takes into account the scattering fermions. The phase shift δ 1 is given before and explicitly,
The contacts can be obtained from thermodynamics potential Ω
where z can be obtained approximately from the equation of state for a classical ideal gas, e.g, z = e nλ 2 − 1 ≃ nλ 2 . So one finally obtains
here N is particle number and n is particle density. Fig.2 shows how the second virial co-efficient ∆b 2 and the contacts C a and C R changes as a function of interaction parameters 1/a at fixed R. Because C a ≥ 0, ∆b 2 is monotonically increasing with a −1 . Generally speaking, close to resonance 1/a ∼ 0, the interaction effects ∆b 2 diminishes with the increasing of temperature. Because the contribution of bound states to the contact C R is negative, with increasing attractive interaction (1/a → 0 + ), the contact C R decreases and eventually becomes negative.
VI. BREATHING MODE AND CONTACTS
It is known that for scaling invariant interactions in two dimensions: U (λρ) = U (ρ)/λ 2 , where λ is an arbitrary scaling factor, the system has SO(2, 1) symmetry and the frequency of breathing mode in harmonic trap is exactly twice the trap frequency 2ω [24] . This applies, for example, for the cases of delta contact δ 2 ( r 1 − r 2 ) or inverse squared potential 1/| r 1 − r 2 | 2 . However, the true inter-atomic interactions break the scaling invariance, and this leads to the frequency shift of breathing modes. In two-component Fermi gas with s-wave interactions, one finds that this shift is related to the contact of the system [38, 39] , and in particular, at unitarity, the scaling invariance is regained [40] . However, quite differently for a single component Fermi gas with p-wave interaction in two dimensions, the scaling invariance is also broken even at resonance when a → ∞ due to the existence of the contact C R . In the following, we calculate the breathing mode frequency shift and relate it to the two p-wave contacts C a and C R . The Hamiltonian in trapped system is given by
FIG. 2. (Color online). The variations of contacts
i is the kinetic energy (recall M = = 1). We consider isotropic harmonic trap in two-dimension
where ω is the trapping frequency. The interaction between the atoms H int is of the standard form H int = i<j U ( r i − r j ). Introducing excited operator of breathing modes
The equation of motion of operator
Here
The equation of motion of D is given by
The various commutators can be evaluated explicitly. In particular, we have
here r ij = r i − r j . As a result, one finds that
Using the fact thatρ 2 ( r, t) ≡ 2 i<j δ 2 ( r(t) − r ij ), we can write down the equation of motion for the average value of O as
(73) In the case of scaling invariant potential in twodimensions, 2U (r) + r · ∂U(r) ∂ r ≡ 0, the interaction effects on the breathing mode frequency shift vanish exactly. In the appendix, we show that the interaction correction can be written in terms of p-wave contacts
(74) As a result, the equation of motion for the breathing mode operator O is given by, when taking the expectation value on the many-body state
The time-dependences of the contacts gives rises to the correction of the breathing mode frequency. We note that the average energy E ≡ H does not dependent on time t because of [H, H] = 0. In a stationary state, the virial theorem is recovered
When the p-wave contacts are zero, the scaling invariance is restored and the frequency of breathing mode is exactly 2ω. Near the resonance 1/a → 0, although C a term vanishes, C R is still finite and this breaks the scaling invariance even at resonance. In the following, we will investigate the breathing mode frequency shift in the high temperature limit. We write the density distribution in trap during the breathing motion of the cloud in the following scaling form
where γ(t) = 1 + ∆γ(t), ∆γ(t) ≪ 1 for small oscillations.
Here n 0 ( r) is density distribution of equilibrium and particle number N = d 2 rn 0 ( r). On the other hand, the expectation value of the breathing mode operator can be written as
here O ≡ d 2 rr 2 n 0 ( r) is the average value of O in equilibrium. Similarly, from high temperature virial expansion, eqns.(62,63) and using local density approximation, we get
are contact values in equilibrium.
One thus finds that for small breathing motion of the cloud, the frequency is given by
Assuming that the shift is small, one can expand ω b and finds
One can evaluate the frequency shift at high temperature where density distribution can be approximated by the classic Boltzmann distribution n 0 ( r) = A exp (−ω 2 r 2 /2T ) where A = N ω 2 /(2πT ) and N is particle number. So the frequency shift becomes
Near the resonance 1/a → 0, the frequency shift only arises from the contact of effective range C R . Note that unlike the p-wave contacts for three-dimensions, C R does not vanish at resonance. Here we take T = 2E F with Fermi energy related to radial trap frequency E F = ω √ 2N in two dimension and the breathing mode frequency shift ∆ω at high temperature T = 0.1/R 2 is given in Fig.3 . Note that it is finite at resonance when 1/a = 0, and can be negative in the BCS side of the resonance when 1/a < 0. In the BEC side of resonance 1/a > 0, the frequency shift is always positive and becomes larger and larger as the attractive interaction becomes strong (a → 0+). 
VII. SUMMARY
In this paper, we have extended the concepts of p-wave contacts to two dimensions and derived the related universal relations. In particular, we have shown how the p-wave contacts change the breathing mode frequency from the scaling invariant result. Specific results are obtained in the high temperature limit where the 2D system is more stable. It would be interesting if further experiments in two dimension can be conducted and in the appendix, we consider realistic trap parameters and show how the effective two dimensional scattering parameters depends on the magnetic field.
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where r = | r 1 − r 2 |. This gives the possibility of finding two two-particle apart distance r. So eqn.(73) can be written as
Our task below will be to evaluate the above two expressions. One useful fact to notice is that since U (r) is a short-range function, the integrals are effectively cutoff at r c because U (r) = 0 when r ≥ r c . As a result, we can write A as and integrating from 0 to r c , we find
In the above derivation, we have integrated second term by part and used the fact that
and multiply both side by r 2 u ′ 0 (r) and integrate from 0 to r c , we find, using u 0 (r = 0) = 0 and r ∂u0(r) ∂r | r=0 = 0, and eqn.(17)
The calculation of B needs more efforts. Let us first consider the following integral
where R k (r) = u 0 (r)+k 2 u 1 (r) is the radial wave function expanded to second order in k. B is simply given by the coefficient of k 2 in the above integral. R k (r) obeys the following differential equation
(A9) Multiply both side by r 2 R ′ k (r) and integrate it by part, one finds
Similar for A, we have
The coefficient of k 2 in the above expression determines B (up to a factor 2C R ). Now, since [(r
The later integral 
Taking the derivative with respect to λ and then setting λ = 1, we get
Finally we obtain
and
where µ = M/2 is the effective mass. In the following, we use units such that M = 1 and so 2µ = M = 1. We introduce ρ ≡ xx + yŷ as the x − y plane projection of relative coordinate r = r 1 − r 2 and ρ = x 2 + y 2 . The free Green's function for the relative motion is given by
In the following, we shall shift the reference point of energy ǫ ≡ E − ω z /2. We are interested in the scattering of two fermions in the xy-plane, so let us set z 1 = z 2 = 0 and introduce a complete set of harmonic oscillator states
Here k = (k x , k y ) lies in the xy-plane. G ± (ρ) describes the out-going and in-coming waves in two-dimensions. Harmonic oscillator wave functions
where α = µω z / = ω z /2. The scattering wave function of the relative motion can then be written as
The stationary scattering wave function of the relative motion is a superposition of the incoming and the outgoing waves, the coefficient of which is the diagonalized Smatrix element S = exp (2iδ 1 ) in terms of the scattering phase shift δ 1 . In the following, we consider low-energy scattering when 0 < ǫ < ω z . To proceed further, we split the summation over n into two parts, one with n = 0 and another with n > 0, G ± (ρ) ≡ G ± 1 (ρ) + G ± 2 (ρ), with
e i k· ρ φ n (0)φ * n (0) ǫ ± iη − (k 2 x + k 2 y + nω z )
. Collecting all the linear term of ρ from J 1 , N 1 , g 2 and ∆G 2 and comparing the coefficients of ρ and 1/ρ 2 in Eq.(B12) and (B13), we can get the effective p-wave interaction parameters a and R in two dimensions in terms of V 3D and R 3D .
a = 3πV
here l z = /M ω z and β(0) ≈ 1.01353. The coefficient γ is given by In the following, one can choose the parameters which are experimentally accessible in 40 K [11] . Consider a harmonic trap with frequency of order of ω z = 2π × 120kHz, then use
where the (magnetic) width of the resonance is ∆ V = 20G. V bg = (100a 0 ) 3 is the background scattering length. a 0 is Bohr radius. For the effective range, we have
where ∆ R = −20G and R bg = 50a 0 . The above experimental parameters can realized a quasi-2D Fermi gas which satisfies R 3D ≪ l z ≪ 1/k F [44] . In order to realize true 2D Fermi gas where R 3D ∼ l z ≪ 1/k F one needs a trap frequency of order of ω z ∼ 10MHz. In Fig.4 , for ω z = 10MHz, we show the variations of effective 2D scattering area a and effective range R when magnetic field δB (relative to 3D resonance point) varies. Note that the resonance position is shifted by the external trap potential. 
